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Decoherence
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Recall!

<latexit sha1_base64="bzvSZ9zQI83kwfI/auoPEsObu4M="></latexit>
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<latexit sha1_base64="xssBrwibd3QNvtFNP7oSF5/QvN0="></latexit>
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<latexit sha1_base64="FAhY8rOkZ97+EGbT0h1PZx9Yapo="></latexit>

| i = ↵|00i+ �|01i+ �|10i+ �|11i
<latexit sha1_base64="OmFQ8YwbbUCwsRhtdO7I/c4ErZg=">AAACBnicbVA9SwNBEN3zM8avqKUIi0GwkHAnopZBG8sIRoXcEeY2k2Rx9+7YnRNCsLLxr9hYKGLrb7Dz37iXpPDrwTKP92aYnRdnSlry/U9vanpmdm6+tFBeXFpeWa2srV/aNDcCmyJVqbmOwaKSCTZJksLrzCDoWOFVfHNa+Fe3aKxMkwsaZBhp6CWyKwWQk9qVrRBU1oc9HsZIRemB1kXtoCJoV6p+zR+B/yXBhFTZBI125SPspCLXmJBQYG0r8DOKhmBICoV35TC3mIG4gR62HE1Ao42GozPu+I5TOrybGvcS4iP1+8QQtLUDHbtODdS3v71C/M9r5dQ9joYyyXLCRIwXdXPFKeVFJrwjDQpSA0dAGOn+ykUfDAhyyZVdCMHvk/+Sy/1acFg7PD+o1k8mcZTYJttmuyxgR6zOzliDNZlg9+yRPbMX78F78l69t3HrlDeZ2WA/4L1/AXI9l9s=</latexit>

↵,�, �, �Different values of                    leads to different  
kinds of noisy channels.



Classical Error Correction
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The general errors are bit flips.
<latexit sha1_base64="gIO6kpIe8PXDS9b3q3wyFBBIez4=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPJVdkeqx6MVjBfsB7VKyabYNzSZLklXq0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/bL7sFhS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89gNVmklxbyYJDWI8FCxiBBsr9d2yh3qKDUcGKyUfkd93K17VmwOtEj8nFcjR6LtfvYEkaUyFIRxr3fW9xAQZVoYRTqelXqppgskYD2nXUoFjqoNsfvgUnVplgCKpbAmD5urviQzHWk/i0HbG2Iz0sjcT//O6qYmugoyJJDVUkMWiKOXISDRLAQ2YosTwiSWYKGZvRWSEFSbGZlWyIfjLL6+S1nnVr1VrdxeV+nUeRxGO4QTOwIdLqMMtNKAJBFJ4hld4c56cF+fd+Vi0Fpx85gj+wPn8AdO6kpI=</latexit>

0 ! 1

The  naive way is to add redundancy.
<latexit sha1_base64="IJjCrYhniXCQ7eabSQOmmo2NRGo=">AAAB+nicbVBNSwMxEJ31s9avrR69BIvgqWRFqseiF48V7Ae0S8mm2TY0m12SrKWs/SlePCji1V/izX9j2u5BWx8MPN6bYWZekAiuDcbfztr6xubWdmGnuLu3f3Dolo6aOk4VZQ0ai1i1A6KZ4JI1DDeCtRPFSBQI1gpGtzO/9ciU5rF8MJOE+REZSB5ySoyVem4Jo67ig6EhSsVjhDHuuWVcwXOgVeLlpAw56j33q9uPaRoxaaggWnc8nBg/I8pwKti02E01SwgdkQHrWCpJxLSfzU+fojOr9FEYK1vSoLn6eyIjkdaTKLCdETFDvezNxP+8TmrCaz/jMkkNk3SxKEwFMjGa5YD6XDFqxMQSQhW3tyI6JIpQY9Mq2hC85ZdXSfOi4lUr1fvLcu0mj6MAJ3AK5+DBFdTgDurQAApjeIZXeHOenBfn3flYtK45+cwx/IHz+QO4v5MF</latexit>

0 ! 000

Apply majority voting rule.  
Reduces the chance of errors. 

Repetition Code

Classical Linear Code

Encode k bits in n bits using a generator matrix G.

Parity matrix H acting on codewords vanishes.

<latexit sha1_base64="eyLeB7IgBZOkMyu+6/xB4TOQAgQ=">AAACBXicbVDLSsNAFJ34rPUVdamLwSIIQklEqsuiG5cV7AOaWCbTm3boZBJmJkoI3bjxV9y4UMSt/+DOv3H6WGjrgQuHc+7l3nuChDOlHefbWlhcWl5ZLawV1zc2t7btnd2GilNJoU5jHstWQBRwJqCumebQSiSQKODQDAZXI795D1KxWNzqLAE/Ij3BQkaJNlLHPsjuci+RLIIh9iTr9TWRMn7AGT7B0LFLTtkZA88Td0pKaIpax/7yujFNIxCacqJU23US7edEakY5DIteqiAhdEB60DZUkAiUn4+/GOIjo3RxGEtTQuOx+nsiJ5FSWRSYzojovpr1RuJ/XjvV4YWfM5GkGgSdLApTjnWMR5HgLpNANc8MIVQycyumfSIJ1Sa4ognBnX15njROy26lXLk5K1Uvp3EU0D46RMfIReeoiq5RDdURRY/oGb2iN+vJerHerY9J64I1ndlDf2B9/gAINJhE</latexit>

y0 ! y + e

Suppose an error e occurs such that
<latexit sha1_base64="3uFc0uEc2Bguzihjx4pUTgG/SUk=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSQi1YtQ9NJjBfsBTSyb7aRdupuE3Y1QQsGLf8WLB0W8+ie8+W/ctjlo64OBx3szzMwLEs6Udpxva2l5ZXVtvbBR3Nza3tm19/abKk4lhQaNeSzbAVHAWQQNzTSHdiKBiIBDKxjeTPzWA0jF4uhOjxLwBelHLGSUaCN17UOPCbMHFK7h0X3mJZIJGOMrXIOuXXLKzhR4kbg5KaEc9a795fVimgqINOVEqY7rJNrPiNSMchgXvVRBQuiQ9KFjaEQEKD+b/jDGJ0bp4TCWpiKNp+rviYwIpUYiMJ2C6IGa9ybif14n1eGln7EoSTVEdLYoTDnWMZ4EgntMAtV8ZAihkplbMR0QSag2sRVNCO78y4ukeVZ2K+XK7Xmpep3HUUBH6BidIhddoCqqoTpqIIoe0TN6RW/Wk/VivVsfs9YlK585QH9gff4A1vaXAw==</latexit>

=) Hy
0 = He

Classical errors can be detected and corrected  
iff all the He’s are distinct.

H =

<latexit sha1_base64="YMhfe5EEDJjJvHy1ooj/wth5gHE=">AAACFHicbVDLSgMxFM3UV62vUZdugkVoUcqkSnUjFN10WcE+oB2GTJq2oZkHSUYoQz/Cjb/ixoUibl2482/MTGehrRcC53EvN/e4IWdSWda3kVtZXVvfyG8WtrZ3dvfM/YO2DCJBaIsEPBBdF0vKmU9biilOu6Gg2HM57biT28TvPFAhWeDfq2lIbQ+PfDZkBCstOeZpgzoxmsFrWEKofAYTWp1TK6PnKbVQ2TGLVsVKCy4DlIEiyKrpmF/9QUAij/qKcCxlD1mhsmMsFCOczgr9SNIQkwke0Z6GPvaotOP0qBk80coADgOhn69gqv6eiLEn5dRzdaeH1Vgueon4n9eL1PDKjpkfRor6ZL5oGHGoApgkBAdMUKL4VANMBNN/hWSMBSZK51jQIaDFk5dBu1pBtUrt7qJYv8niyIMjcAxKAIFLUAcN0AQtQMAjeAav4M14Ml6Md+Nj3pozsplD8KeMzx8JlZks</latexit>

He1 = (11), He2 = (10), He3 = (01)

So single bit flip errors can be detected and  
corrected for the 3 bit repetition code.

<latexit sha1_base64="0eXWBuce++oKLStQmZE1Q0x1h2U=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPJVdkeqx6MVjBfsB7VKyabYNzSZLklXq0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/bL7sFhS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89gNVmklxbyYJDWI8FCxiBBsr9d2yj3qKDUcGKyUfkdd3K17VmwOtEj8nFcjR6LtfvYEkaUyFIRxr3fW9xAQZVoYRTqelXqppgskYD2nXUoFjqoNsfvgUnVplgCKpbAmD5urviQzHWk/i0HbG2Iz0sjcT//O6qYmugoyJJDVUkMWiKOXISDRLAQ2YosTwiSWYKGZvRWSEFSbGZlWyIfjLL6+S1nnVr1VrdxeV+nUeRxGO4QTOwIdLqMMtNKAJBFJ4hld4c56cF+fd+Vi0Fpx85gj+wPn8AdPIkpI=</latexit>

1 ! 0

<latexit sha1_base64="drGvets+KJpHALdFxONk5W6j9nY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyAuSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ShRDJssEpHqBFSj4BKbhhuBnVghDQOB7WByP/fbT6g0j2TDTGP0QzqSfMgZNVaqN/rFklt2FyDrxMtICTLU+sWv3iBiSYjSMEG17npubPyUKsOZwFmhl2iMKZvQEXYtlTRE7aeLQ2fkwioDMoyULWnIQv09kdJQ62kY2M6QmrFe9ebif143McNbP+UyTgxKtlw0TAQxEZl/TQZcITNiagllittbCRtTRZmx2RRsCN7qy+ukdVX2KuVK/bpUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPszuM4w==</latexit>

T
<latexit sha1_base64="drGvets+KJpHALdFxONk5W6j9nY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyAuSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ShRDJssEpHqBFSj4BKbhhuBnVghDQOB7WByP/fbT6g0j2TDTGP0QzqSfMgZNVaqN/rFklt2FyDrxMtICTLU+sWv3iBiSYjSMEG17npubPyUKsOZwFmhl2iMKZvQEXYtlTRE7aeLQ2fkwioDMoyULWnIQv09kdJQ62kY2M6QmrFe9ebif143McNbP+UyTgxKtlw0TAQxEZl/TQZcITNiagllittbCRtTRZmx2RRsCN7qy+ukdVX2KuVK/bpUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPszuM4w==</latexit>

T
<latexit sha1_base64="drGvets+KJpHALdFxONk5W6j9nY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyAuSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ShRDJssEpHqBFSj4BKbhhuBnVghDQOB7WByP/fbT6g0j2TDTGP0QzqSfMgZNVaqN/rFklt2FyDrxMtICTLU+sWv3iBiSYjSMEG17npubPyUKsOZwFmhl2iMKZvQEXYtlTRE7aeLQ2fkwioDMoyULWnIQv09kdJQ62kY2M6QmrFe9ebif143McNbP+UyTgxKtlw0TAQxEZl/TQZcITNiagllittbCRtTRZmx2RRsCN7qy+ukdVX2KuVK/bpUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPszuM4w==</latexit>

T



Quantum Error Correction

4

Encoding

Error Syndrome 
Measurement

Decoding

Encoding

Error Syndrome Measurement

Decoding

Encoded state sent by Alice to Bob through a  
noisy quantum channel.

<latexit sha1_base64="7kwXWVp++k0pO0EhVdRcIdywUUs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0sxt2J0KJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3H5k2XMkHnCQsiMlQ8ohTglbqPvme19NEDgXrlyte1ZvDXSV+TiqQo9Evf/UGiqYxk0gFMabrewkGGdHIqWDTUi81LCF0TIasa6kkMTNBNj956p5ZZeBGStuS6M7V3xMZiY2ZxKHtjAmOzLI3E//zuilG10HGZZIik3SxKEqFi8qd/e8OuGYUxcQSQjW3t7p0RDShaFMq2RD85ZdXSeui6teqtfvLSv0mj6MIJ3AK5+DDFdThDhrQBAoKnuEV3hx0Xpx352PRWnDymWP4A+fzB5npkNU=</latexit>

|100i
<latexit sha1_base64="aw05a0dCqyGMdOTbmXZkppUBvVw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0sxt2J0KJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3H5k2XMkHnCQsiMlQ8ohTglbqPnme39NEDgXrlyte1ZvDXSV+TiqQo9Evf/UGiqYxk0gFMabrewkGGdHIqWDTUi81LCF0TIasa6kkMTNBNj956p5ZZeBGStuS6M7V3xMZiY2ZxKHtjAmOzLI3E//zuilG10HGZZIik3SxKEqFi8qd/e8OuGYUxcQSQjW3t7p0RDShaFMq2RD85ZdXSeui6teqtfvLSv0mj6MIJ3AK5+DDFdThDhrQBAoKnuEV3hx0Xpx352PRWnDymWP4A+fzB5nnkNU=</latexit>

|001i
<latexit sha1_base64="PV83A/e/7xlH0nrKU72IV+kUfZE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU8mKVI9FLx4r2A9ol5JNs21oNlmSrFDW/gwvHhTx6q/x5r8xbfegrQ8GHu/NMDMvTAQ3FuNvr7C2vrG5Vdwu7ezu7R+UD49aRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3H5k2XMkHO0lYEJOh5BGnxDqp+4Qx7mkih4L1yxVcxXOgVeLnpAI5Gv3yV2+gaBozaakgxnR9nNggI9pyKti01EsNSwgdkyHrOipJzEyQzU+eojOnDFCktCtp0Vz9PZGR2JhJHLrOmNiRWfZm4n9eN7XRdZBxmaSWSbpYFKUCWYVm/6MB14xaMXGEUM3drYiOiCbUupRKLgR/+eVV0rqo+rVq7f6yUr/J4yjCCZzCOfhwBXW4gwY0gYKCZ3iFN896L96797FoLXj5zDH8gff5A5hckNQ=</latexit>

|000i
<latexit sha1_base64="rD2YA2Rw5IQD26C3J8iAxOwqYdQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0sxt2J0KJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3H5k2XMkHnCQsiMlQ8ohTglbqPnm+19NEDgXrlyte1ZvDXSV+TiqQo9Evf/UGiqYxk0gFMabrewkGGdHIqWDTUi81LCF0TIasa6kkMTNBNj956p5ZZeBGStuS6M7V3xMZiY2ZxKHtjAmOzLI3E//zuilG10HGZZIik3SxKEqFi8qd/e8OuGYUxcQSQjW3t7p0RDShaFMq2RD85ZdXSeui6teqtfvLSv0mj6MIJ3AK5+DDFdThDhrQBAoKnuEV3hx0Xpx352PRWnDymWP4A+fzB5nokNU=</latexit>

|010i

<latexit sha1_base64="FQfguz1Q9O4EYjdQjkIgF8Tik18=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9cxvP6LSPJYPZpKgH9Gh5CFn1Fjp/qbv9csVt+rOQf4SLycVyNHolz97g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZITqwxIGCtb0pC5+nMio5HWkyiwnRE1I73szcT/vG5qwks/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlv6R1VvVq1drdeaV+lcdRhCM4hlPw4ALqcAsNaAKDITzBC7w6wnl23pz3RWvByWcO4Recj2+/+413</latexit>

D1

<latexit sha1_base64="T+HtnEH6WOHh6pUPPfTeph9HL0U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9cxvP6LSPJYPZpKgH9Gh5CFn1Fjp/qbv9ssVt+rOQf4SLycVyNHolz97g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZITqwxIGCtb0pC5+nMio5HWkyiwnRE1I73szcT/vG5qwks/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlv6R1VvVq1drdeaV+lcdRhCM4hlPw4ALqcAsNaAKDITzBC7w6wnl23pz3RWvByWcO4Recj2++d412</latexit>

D0

<latexit sha1_base64="KH1mRiA3xPCjYaAN8kFizmEetTs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSg1fqlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6U6pRMMlnpV5qeELZmA5511JFI2786fzSGTmzyoCEsbalkMzV3xNTGhkziQLbGVEcmWUvE//zuimG1/5UqCRFrthiUZhKgjHJ3iYDoTlDObGEMi3srYSNqKYMbThZCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/smyM1A==</latexit>

1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="KH1mRiA3xPCjYaAN8kFizmEetTs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSg1fqlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6U6pRMMlnpV5qeELZmA5511JFI2786fzSGTmzyoCEsbalkMzV3xNTGhkziQLbGVEcmWUvE//zuimG1/5UqCRFrthiUZhKgjHJ3iYDoTlDObGEMi3srYSNqKYMbThZCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/smyM1A==</latexit>

1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="KH1mRiA3xPCjYaAN8kFizmEetTs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSg1fqlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6U6pRMMlnpV5qeELZmA5511JFI2786fzSGTmzyoCEsbalkMzV3xNTGhkziQLbGVEcmWUvE//zuimG1/5UqCRFrthiUZhKgjHJ3iYDoTlDObGEMi3srYSNqKYMbThZCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/smyM1A==</latexit>

1

<latexit sha1_base64="KH1mRiA3xPCjYaAN8kFizmEetTs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSg1fqlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6U6pRMMlnpV5qeELZmA5511JFI2786fzSGTmzyoCEsbalkMzV3xNTGhkziQLbGVEcmWUvE//zuimG1/5UqCRFrthiUZhKgjHJ3iYDoTlDObGEMi3srYSNqKYMbThZCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/smyM1A==</latexit>

1



The Stabiliser Formalism
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<latexit sha1_base64="6l7RWSn6+yfvzlw3PftPxpVU088="></latexit>

Gn = {±1,±◆}⌦ {I,X, Y, Z}⌦n

<latexit sha1_base64="PT3YEplC1rJGJLDYLLDdAly4lRY=">AAACCnicbVC7SgNBFL0bXzG+Vi1tRoNgFXZFoo0QtLEzgnlAdgmzk0kyZHZ2mZkVwpraxl+xsVDE1i+w82+cJFvExAMXzpxzL3PvCWLOlHacHyu3tLyyupZfL2xsbm3v2Lt7dRUlktAaiXgkmwFWlDNBa5ppTpuxpDgMOG0Eg+ux33igUrFI3OthTP0Q9wTrMoK1kdr2odfHOr0dPXpVxTyJRY9TdDn7attFp+RMgBaJm5EiZKi27W+vE5EkpEITjpVquU6s/RRLzQino4KXKBpjMsA92jJU4JAqP52cMkLHRumgbiRNCY0m6uxEikOlhmFgOkOs+2reG4v/ea1Edy/8lIk40VSQ6UfdhCMdoXEuqMMkJZoPDcFEMrMrIn0sMdEmvYIJwZ0/eZHUT0tuuVS+OytWrrI48nAAR3ACLpxDBW6gCjUg8AQv8Abv1rP1an1Yn9PWnJXN7MMfWF+/uoqa7w==</latexit>

Ô| i = | i
Stabiliser group Stabilised vector space

VS

Generators of the stabiliser group
<latexit sha1_base64="mZL3t3ErS6wR2ONw3lt4VD2oS8E=">AAACE3icbVDLSsNAFJ34rPUVdelmsAgiJSRFqsuiG5cV7AOaECbTaTp0MgkzE6GE/oMbf8WNC0XcunHn3zhJs9DWC8M5nHsud+4JEkalsu1vY2V1bX1js7JV3d7Z3ds3Dw67Mk4FJh0cs1j0AyQJo5x0FFWM9BNBUBQw0gsmN3m/90CEpDG/V9OEeBEKOR1RjJSWfPPcZYiHjMDQd+rQrWtsFGhZVo6hz6ErCotv1mzLLgouE6ckNVBW2ze/3GGM04hwhRmScuDYifIyJBTFjMyqbipJgvAEhWSgKUcRkV5W3DSDp1oZwlEs9OMKFurviQxFUk6jQDsjpMZysZeL//UGqRpdeRnlSaoIx/NFo5RBFcM8IDikgmDFppogLKj+K8RjJBBWOsaqDsFZPHmZdBuW07Sadxe11nUZRwUcgxNwBhxwCVrgFrRBB2DwCJ7BK3gznowX4934mFtXjHLmCPwp4/MHPjqapw==</latexit>

hg1, g2, ..., gni

Syndrome measurement of the generators
<latexit sha1_base64="spPKKo467IwaWLZZ4JYmwmftZiI=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyyiizLM1FJdFt24rGAv0A5DJk3b0MyF5IxQhj6CG1/FjQtF3Lp059uYtlPQ1h8CX/5zDsn5/VhwBbb9baysrq1vbOa28ts7u3v75sFhQ0WJpKxOIxHJlk8UEzxkdeAgWCuWjAS+YE1/eDOpNx+YVDwK72EUMzcg/ZD3OCWgLc886/gMiOcU8QxKc7goYsuy5reyZxZsy54KL4OTQQFlqnnmV6cb0SRgIVBBlGo7dgxuSiRwKtg430kUiwkdkj5rawxJwJSbThca41PtdHEvkvqEgKfu74mUBEqNAl93BgQGarE2Mf+rtRPoXbkpD+MEWEhnD/USgSHCk3Rwl0tGQYw0ECq5/iumAyIJBZ1hXofgLK68DI2S5VSsyl25UL3O4sihY3SCzpGDLlEV3aIaqiOKHtEzekVvxpPxYrwbH7PWFSObOUJ/ZHz+ABkYmhw=</latexit>

�1,�2,�3, ...,�4
<latexit sha1_base64="3sESn+fJej6cuL75niI+SzPz1Lg="></latexit>

hg1, ..., gn, (�1)x1Z̄1, ..., (�1)xk Z̄ki.

Logical states

The Gottesman-Knill Theorem



Fault-Tolerant Quantum Computation

6

Gates are not ideal!

There are many sources of errors. 
Unitary gates, measurement, interaction with the environment. 

And they propagate!

Yet, 

We can perform arbitrarily long quantum computation, in principle.
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Avoid error propagation.

<latexit sha1_base64="N9FDS7LClZZviWLAjZNKyyAqWms=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqQklEqsuiG3dWsA9oYplMJ+3QyUyYmQgldOHGX3HjQhG3foQ7/8ZJm4W2HrhwOOde7r0niBlV2nG+raXlldW19cJGcXNre2fX3ttvKZFITJpYMCE7AVKEUU6ammpGOrEkKAoYaQejq8xvPxCpqOB3ehwTP0IDTkOKkTZSzy55EdJDjFh6M6l4JFaUCX6f6hN3ctyzy07VmQIuEjcnZZCj0bO/vL7ASUS4xgwp1XWdWPspkppiRiZFL1EkRniEBqRrKEcRUX46fWICj4zSh6GQpriGU/X3RIoipcZRYDqzk9W8l4n/ed1Ehxd+SnmcaMLxbFGYMKgFzBKBfSoJ1mxsCMKSmlshHiKJsDa5FU0I7vzLi6R1WnVr1drtWbl+mcdRACVwCCrABeegDq5BAzQBBo/gGbyCN+vJerHerY9Z65KVzxyAP7A+fwCS1JgO</latexit>

O(✏t+1)

Corrects t errors then failure  
probability should be

Need fault tolerant gates!

Need a fault-tolerant prescription for preparation, measurement  
and error correction.
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The Threshold Theorem

<latexit sha1_base64="0aOpfV3VJcgicXVoi1oZ2UAkD08=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSkuiy6ceGiQl/QhDCZ3rRDJw9nJkIJWbnxV9y4UMSt3+DOv3HaZqGtBy4czrmXe+/xE86ksqxvY2l5ZXVtvbRR3tza3tk19/bbMk4FhRaNeSy6PpHAWQQtxRSHbiKAhD6Hjj+6nvidBxCSxVFTjRNwQzKIWMAoUVryzKPEu8UOh3vsBILQzIFEMq4dK8+auWdWrKo1BV4kdkEqqEDDM7+cfkzTECJFOZGyZ1uJcjMiFKMc8rKTSkgIHZEB9DSNSAjSzaZv5PhEK30cxEJXpPBU/T2RkVDKcejrzpCooZz3JuJ/Xi9VwaWbsShJFUR0tihIOVYxnmSC+0wAVXysCaGC6VsxHRIdh9LJlXUI9vzLi6R9VrVr1drdeaV+VcRRQofoGJ0iG12gOrpBDdRCFD2iZ/SK3own48V4Nz5mrUtGMXOA/sD4/AEitZjy</latexit>

pL  ✏0
T

<latexit sha1_base64="26ox7bqFg6V72SNVvSwmVAEWYQA=">AAACHnicbVDLSgMxFM34tr6qLt0Ei6CbMlN8LUU3Llwo2Ad02nInzdhgJglJRizDfIkbf8WNC0UEV/o3prWCWg9cOJxzL/feEynOjPX9D29icmp6ZnZuvrCwuLS8UlxdqxmZakKrRHKpGxEYypmgVcsspw2lKSQRp/Xo+mTg12+oNkyKS9tXtJXAlWAxI2Cd1Cnuqc4ZDkEpLW9xGGsg2XYIXPWgXQmpMoxLsdPOKu2zPM++jbxTLPllfwg8ToIRKaERzjvFt7ArSZpQYQkHY5qBr2wrA20Z4TQvhKmhCsg1XNGmowISalrZ8L0cbzmli2OpXQmLh+rPiQwSY/pJ5DoTsD3z1xuI/3nN1MaHrYwJlVoqyNeiOOXYSjzICneZpsTyviNANHO3YtIDl5F1iRZcCMHfl8dJrVIO9sv7F7ulo+NRHHNoA22ibRSgA3SETtE5qiKC7tADekLP3r336L14r1+tE95oZh39gvf+CXvxor4=</latexit>

pL ⇡ (↵2✏)2
L

↵2

<latexit sha1_base64="HupXVwASR9AHzLH+NO7OCUigLXw="></latexit>

n ⇠

log (T/(↵2✏0)

log (1/(↵2✏0)

�logn

<latexit sha1_base64="PmmZqZLakVxULapMgAGzDHAJcu8="></latexit>

L > L̄ ⇠ log


log (T/(↵2✏0)

log (1/(↵2✏0)

�

 - number of sites where error can happen.α
 - error probability rate.ϵ

T - number of logical quantum gates.
 - accuracy.ϵ0

n - number of required qubits.



The Toric Code
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<latexit sha1_base64="WM7q6FXx8fNPowhOFZv8YpD5t7M=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgxjIjUt0ItW66rGAf0A5DJs20oclMSDKFMnTlxl9x40IRt36DO//GtJ2Fth64cHLOvdzcEwhGlXacbyu3srq2vpHfLGxt7+zu2fsHTRUnEpMGjlks2wFShNGINDTVjLSFJIgHjLSC4d3Ub42IVDSOHvRYEI+jfkRDipE2km8f1+ANPIddlXB/BG9NZQ8Bq77w7aJTcmaAy8TNSBFkqPv2V7cX44STSGOGlOq4jtBeiqSmmJFJoZsoIhAeoj7pGBohTpSXzs6YwFOj9GAYS1ORhjP190SKuFJjHphOjvRALXpT8T+vk+jw2ktpJBJNIjxfFCYM6hhOM4E9KgnWbGwIwpKav0I8QBJhbZIrmBDcxZOXSfOi5JZL5fvLYqWaxZEHR+AEnAEXXIEKqIE6aAAMHsEzeAVv1pP1Yr1bH/PWnJXNHII/sD5/ALPVlsQ=</latexit>

H = �
X

v

Av �
X

p

Bp

<latexit sha1_base64="lfghHgVy6kBwtGjgAUx08rMcEiw=">AAACD3icbVC7SgNBFJ2NrxhfUUubwaDEJuyKRBshamMZwTwwG5bZySSZZHZ2mbkbDEv+wMZfsbFQxNbWzr9x8ig0euDC4Zx7ufcePxJcg21/WamFxaXllfRqZm19Y3Mru71T1WGsKKvQUISq7hPNBJesAhwEq0eKkcAXrOb3r8Z+bcCU5qG8hWHEmgHpSN7mlICRvOzhhTfA59iNVNjykh52ucQusHtINBA1yg+ORvjO63nZnF2wJ8B/iTMjOTRD2ct+uq2QxgGTQAXRuuHYETQTooBTwUYZN9YsIrRPOqxhqCQB081k8s8IHxilhduhMiUBT9SfEwkJtB4GvukMCHT1vDcW//MaMbTPmgmXUQxM0umidiwwhHgcDm5xxSiIoSGEKm5uxbRLFKFgIsyYEJz5l/+S6nHBKRaKNye50uUsjjTaQ/sojxx0ikroGpVRBVH0gJ7QC3q1Hq1n6816n7amrNnMLvoF6+Mbx42b5w==</latexit>

Av =
Y

j2star(v)

Zj

<latexit sha1_base64="ZhQpPfk6IAXT1Ksyxad2rYoQZOw=">AAACDnicbVA9SwNBEN3z2/gVtbRZDII24U4k2ghBG0sFYwK5cOztbXSTvb1ld04Mx/0CG/+KjYUittZ2/hs3yRWa+GDg8d4MM/NCJbgB1/12Zmbn5hcWl5ZLK6tr6xvlza0bk6SasgZNRKJbITFMcMkawEGwltKMxKFgzbB/PvSb90wbnshrGCjWicmt5F1OCVgpKO+dBQqfYl/pJAqyHva5xD6wB8jCaJDvq4Mct4JeUK64VXcEPE28glRQgcug/OVHCU1jJoEKYkzbcxV0MqKBU8Hykp8apgjtk1vWtlSSmJlONnonx3tWiXA30bYk4JH6eyIjsTGDOLSdMYE7M+kNxf+8dgrdk07GpUqBSTpe1E0FhgQPs8ER14yCGFhCqOb2VkzviCYUbIIlG4I3+fI0uTmserVq7eqoUj8r4lhCO2gX7SMPHaM6ukCXqIEoekTP6BW9OU/Oi/PufIxbZ5xiZhv9gfP5A8R/m1U=</latexit>

Bp =
Y

j2bdy(p)

Xj

<latexit sha1_base64="7DvF1QzaRBctM5rhcGBo3UiqUE4=">AAAB+nicbVDLTgIxFL2DL8TXoEs3jcTEFZkhBt2YIG5cYiKPBMZJp3SgofNI28EQ5FPcuNAYt36JO//GMsxCwZPc3JNz7k1vjxdzJpVlfRu5tfWNza38dmFnd2//wCwetmSUCEKbJOKR6HhYUs5C2lRMcdqJBcWBx2nbG93M/faYCsmi8F5NYuoEeBAynxGstOSaxWt3/FBBV6juxmm3XbNkla0UaJXYGSlBhoZrfvX6EUkCGirCsZRd24qVM8VCMcLprNBLJI0xGeEB7Woa4oBKZ5qePkOnWukjPxK6QoVS9ffGFAdSTgJPTwZYDeWyNxf/87qJ8i+dKQvjRNGQLB7yE45UhOY5oD4TlCg+0QQTwfStiAyxwETptAo6BHv5y6ukVSnb1XL17rxUq2dx5OEYTuAMbLiAGtxCA5pA4BGe4RXejCfjxXg3PhajOSPbOYI/MD5/AN9TkdI=</latexit>

A2
v = B2

p = 1

So the eigenvalues are +1 or -1.

The ground state of H is the simultaneous eigenstate  

of the star and plaquette operators with eigenvalues +1.

<latexit sha1_base64="bPWPl4QBcDsd+PKq5XSy87voejg=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgQkoiUt0ItW5cVrAPSGOYTCft0MkkzEwqJfQ/3LhQxK3/4s6/cfpYaOuBC4dz7uXee4KEM6Vt+9vKrayurW/kNwtb2zu7e8X9g6aKU0log8Q8lu0AK8qZoA3NNKftRFIcBZy2gsHtxG8NqVQsFg96lFAvwj3BQkawNtKje+MPz1DNTzx0jWy/WLLL9hRomThzUoI56n7xq9ONSRpRoQnHSrmOnWgvw1Izwum40EkVTTAZ4B51DRU4osrLpleP0YlRuiiMpSmh0VT9PZHhSKlRFJjOCOu+WvQm4n+em+rwysuYSFJNBZktClOOdIwmEaAuk5RoPjIEE8nMrYj0scREm6AKJgRn8eVl0jwvO5Vy5f6iVK3N48jDERzDKThwCVW4gzo0gICEZ3iFN+vJerHerY9Za86azxzCH1ifPwOBkOk=</latexit>

[Av, Bp] = 0
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Ground State

Dimension of the ground state manifold 

(N - 1) constraints from star operator. 
(N-1) constraints from plaquette operator. 

(2N-2) total constraints.  

Only 2 independent degrees of freedom.

Trivial Ground State Non-Trivial Ground State

The ground state manifold is four dimensional.
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Excited States

There is an energy gap between the ground 
 state and the excited states.

<latexit sha1_base64="6UMRE09hi4gu7xdAzDjjLjbvdho=">AAAB9XicbVDJSgNBEO2JW4xb1KOXxiB4CjNBosfgAh4jmAUyY+jpVJImPQvdNUoY8h9ePCji1X/x5t/YSeagiQ8KHu9VUVXPj6XQaNvfVm5ldW19I79Z2Nre2d0r7h80dZQoDg0eyUi1faZBihAaKFBCO1bAAl9Cyx9dTf3WIygtovAexzF4ARuEoi84QyM9uNcgkdEb6g6AVrrFkl22Z6DLxMlIiWSod4tfbi/iSQAhcsm07jh2jF7KFAouYVJwEw0x4yM2gI6hIQtAe+ns6gk9MUqP9iNlKkQ6U39PpCzQehz4pjNgONSL3lT8z+sk2L/wUhHGCULI54v6iaQY0WkEtCcUcJRjQxhXwtxK+ZApxtEEVTAhOIsvL5NmpexUy9W7s1LtMosjT47IMTklDjknNXJL6qRBOFHkmbySN+vJerHerY95a87KZg7JH1ifP6tbkVY=</latexit>

�E � 2

The Hamiltonian  
is gapped

The difference in the eigenvalues of the  

star/plaquette operators is 2.
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Toric code is a stabiliser code!

<latexit sha1_base64="MhwJdM0QtjhWclX0gV9UkSxwU94=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4kLIrUj3WevFYwX5Ad1myadqGZrMhyRbK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmRZIzbVz321lb39jc2i7sFHf39g8OS0fHLZ2kitAmSXiiOhHWlDNBm4YZTjtSURxHnLaj0f3Mb4+p0iwRT2YiaRDjgWB9RrCxku9nd+H4EtVD6U/DUtmtuHOgVeLlpAw5GmHpy+8lJI2pMIRjrbueK02QYWUY4XRa9FNNJSYjPKBdSwWOqQ6y+c1TdG6VHuonypYwaK7+nshwrPUkjmxnjM1QL3sz8T+vm5r+bZAxIVNDBVks6qccmQTNAkA9pigxfGIJJorZWxEZYoWJsTEVbQje8surpHVV8aqV6uN1uVbP4yjAKZzBBXhwAzV4gAY0gYCEZ3iFNyd1Xpx352PRuubkMyfwB87nDyXvkSA=</latexit>

{Av, Bp}Generators of the stabiliser group

The vector space stabilised is spanned by the ground states. 
The excitations form the set of correctable errors.

<latexit sha1_base64="NfvqHsRfvx1yaBKB92M0dPUVS/0="></latexit>

Lxe =
Y

j2all(x)

Xj Lxm =
Y

j2all(x)

Zj Lze =
Y

j2all(z)

Xj Lzm =
Y

j2all(x)

Zj

The following operators can perform computation

Because there was a gap between the ground and the excited states,  
the toric code is fault tolerant.



Thank you!
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