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Quantum Many-Body Systems

Thermalize

Expectation value of local operators equals  
the ensemble expectation value.

Information has flown to non-local  
degrees of freedom.

Scrambling

Operator Spreading

Measured by the out-of-time order correlator.

OTOC = ⟨W(x, t)V(0,0)W(x, t)V(0,0)⟩



Kauffman Cellular Automaton

t = 0

t = 1

t = 2

t = 3

t = 4

Set of local rules

σ(r, t + 1) = fr,t[σ(r − K, t), . . . , σ(r, t), . . . , σ(r + K, t)]

fr,t = {+1 with probability p

-1 with probability 1-p

Decorrelator

d(r, t) =
1
2

[1 − ⟨σA(r, t)σB(r, t)⟩p]
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Chaotic Phase Frozen Phase
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Classical Spins on a 1D Lattice

θ ∼ Unif(0, 2π)

{Sα
i , Sβ

i′ 

} = δii′ 
εαβγSγ

i

∂tSi = {Si, H}

Classical Equation of Motion

D(r, t) =
1
2

(1 − ⟨Sa
r(t) ⋅ Sb

r(t)⟩)
a

b
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The Classical Ising Model

ℋ = − J
N−1

∑
i=0

Si ⋅ Si+1

dSi

dt
= JSi X (Si−1 + Si+1)

Averaged over 5000 noisy initial sate realisations.



Averaged over 1000 noisy 
 initial sate realisations.

ℋ = − J1

N−1

∑
i=0

Si ⋅ Si+1
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−J2

N−1

∑
i=0

Si ⋅ Si+2



Averaged over 1000 noisy 
 initial sate realisations.

ℋ = − J1

N−1

∑
i=0

Si ⋅ Si+1

−J2

N−1

∑
i=0

Si ⋅ Si+2

−J3

N−1

∑
i=0

Si ⋅ Si+3
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Time Evolution of Matrix Product States
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Time-Evolving Block Decimation

Break the Hamiltonian in parts that commute internally.

H = ∑
N

HN

UTEBD = ΠNe−iHNδt



Time-Dependent Variational Principle

−min(       )
( dMi(t)

dt
|∂iΨ(Mi)⟩ − ( −i

ℏ ) H |Ψ(Mi)⟩)min
d |Ψ(Mi(t))Mi(t)

dt
= ( −i

ℏ ) PTH |Ψ(Mi)⟩

Choose a guess MPS from the single-site tangent space of  initial MPS and variationally 
minimise this MPS to obtain the time evolved state.



⟨W(x, t)V(0,0)W(x, t)V(0,0)⟩ = ⟨ψ2 |ψ1⟩

|ψ2⟩ = V(0,0)W(x, t) |ϕ⟩ = V(0,0)eιHtW(x, t)e−ιHt |ϕ⟩

|ψ1⟩ = W(x, t)V(0,0) |ϕ⟩ = eιHtW(x, t)e−ιHtV(0,0) |ϕ⟩
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The Transverse Field Ising Model

H = − J
N−1

∑
i=0

σx
i σx

i+1 − g
N−1

∑
i=0

σz
i

J = g = 1

33 Spins, time steps of 0.5 seconds.



The Transverse Field Ising Model

H = − J
N−1

∑
i=0

σx
i σx

i+1 − g
N−1

∑
i=0

σz
i

J = g = 1

33 Spins, time steps of 0.5 seconds.
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The Transverse Field Ising Model 
(J1-J2)

J1 = J2 = g = 1

33 Spins, time steps of 0.5 seconds.

H = −
N−1

∑
i=0

(J1σx
i σx

i+1 + J2σx
i σx

i+2) − g
N−1

∑
i=0

σz
i
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The Transverse Field Ising Model 
(J1-J2-J3)

33 Spins, time steps of 0.5 seconds. °16 °12 °8 °4 0 4 8 12 16
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J1 = J2 = J3 = g = 1

H = −
N−1

∑
i=0

(J1σx
i σx

i+1 + J2σx
i σx

i+2 + J3σx
i σx

i+3)

−g
N−1

∑
i=0

σz
i



Conclusions

Lightcone-like structure of the OTOC (or the decorrelator) emerged  
for all the systems.

The simulations suffer from averaging over low number of realisations.

For the classical spin system the lightcone structure may be  
saturated for intermediate-range interacting systems.

A better approach to computing the OTOC for quantum  
systems might be the MPO evolution methods.


